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PolyconvexityA distortional hardening elasto-plastic model at ﬁnite strains suitable for modeling of orthotropic mate-
rials is presented. As a prototype material, paperboard is considered. An in-plane model is established.
The model developed is motivated from non-proportional loading tests on paperboard where the paper-
board is pre-strained in one direction and then loaded in the perpendicular direction. A softening effect is
revealed in the pre-strained samples. The observed experimental ﬁndings cannot be accurately predicted
by current models for paperboard. To be able to model the softening effects, a yield surface based on
multiple hardening variables is introduced. It is shown that the model parameters can be obtained from
simple uniaxial experiments. The model is implemented in a ﬁnite element framework which is used to
illustrate the behavior of the model at some speciﬁc loading situations and is compared with strain ﬁelds
obtained from Digital Image Correlation experiments.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Continuum-based constitutive models provide the macroscopic
observable properties, e.g. force and stretch, resulting from the
average behavior of the micro-structure. In this work, an aniso-
tropic continuum-based material model suitable for ﬁbrous mate-
rials is considered. Here focus is on paperboard materials, but the
developed model can be used for a range of orthotropic materials.
Paperboard is a heterogeneous material, where the heterogeneity
stems from the manufacturing process where cellulose ﬁbers
placed on a traversing web are dried and pressed. The inhomoge-
neity and directional material dependence is due to the distribu-
tion and uneven drying of the ﬁbers.
Modeling of paperboard is an active research area driven by the
industry to improve converting and ﬁlling processes. In industrial
converting operations, the paperboard experience complex load
histories. To accurately predict the material behavior during con-
verting operations is a challenging task. One important converting
operation is the creasing process, which has been studied by sev-
eral authors, and is critical for obtaining well formed liquid ﬁlled
packages without defects. The creasing operation reduces the max-
imal bending moment and the deeper the scored line is creased,
the more the maximal bending moment is reduced, cf. Cavlin
(1988), Cavlin et al. (1997) and Nagasawa et al. (2003). The crease
depth is limited by the occurrence of in-plane surface cracks.Modeling of the in-plane fracture process in paperboard has been
based on cohesive crack mechanisms in Tryding and Gustafsson
(2001) and Mäkelä and Östlund (2012) and by continuum damage
in Isaksson et al. (2004). During creasing the paperboard is
stretched in one direction and then unloaded. In the subsequent
forming process, the paperboard is stretched again, however in a
direction perpendicular to the previous stretching direction. To
evaluate the effect of non-proportional loading, simple
non-proportional tests has been conducted on paperboard in the
work herein.
Paperboard is classically characterized as an orthotropic mate-
rial. The orthotropic directions are the Machine Direction (MD),
Cross-machine Direction (CD) and out-of-plane direction (ZD), cf.
Fig. 1. The MD and CD are referred to as the in-plane directions.
The magnitude of the material properties in the MD direction are
typically about 2–3 times larger compared with CD and about
100 times larger compared with ZD, cf. Stenberg (2002).
It has previously been demonstrated that continuum based ap-
proaches are able to represent the mechanical response of paper-
board, cf. Xia et al. (2002), Harrysson and Ristinmaa (2008) and
Mäkelä and Östlund (2003). It has been observed by e.g. Harrysson
and Ristinmaa (2008), that after unloading from the non-linear re-
gion, non-recoverable strains are obtained, and therefore the use of
plasticity theory is motivated. Since the paperboard is highly
anisotropic, the constitutive model is inevitable required to be
anisotropic. Moreover, large rotations and relatively large
strains are present in industrial applications such as creasing and
forming.
Fig. 1. Illustration of the different material directions of paperboard due to the
manufacturing process. The director vectors are aligned with the machine (1)-,
Cross (2)- and ZD (3)-directions.
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criterion with proportional expansion of the yield surface cf. Huang
and Nygårds (2010). Another well established yield surface for
paperboard is the Tsai–Wu surface, cf. Tsai and Wu (1971) which
also takes into account that the yielding in compression and ten-
sion differs. Accurate ﬁt to uniaxial tests is usually obtained for
these models, but investigations on how the actual yield surface
develops in the stress space is usually not compared to experimen-
tal evidence. The experimental tests in this work reveals that the
yield surface does not harden proportionally and therefore non-
proportional hardening models are of importance for paperboard.
In Xia (2002), a continuum elasto-plastic model in combination
with interfaces were used to model the creasing operation. This
concept has been further studied in Huang and Nygårds (2010),
Nygårds et al. (2009), Beex and Peerlings (2009) and Giampieri
et al. (2011). The elasto-plastic model in this work is based upon
the model in Xia et al. (2002) which is enhanced such that the laws
of thermodynamics are fulﬁlled. The yield surface in Xia et al.
(2002), is based upon the introduction of a set of subsurfaces in
the stress-space. In this work, one internal variable is introduced
for each subsurface. This is in contrast to the model by Xia et al.
(2002) where only the effective plastic strain governs the harden-
ing of all sub-surfaces. The concept of one internal variable to each
subsurface allows for an anisotropic hardening of the yield surface,
which is also known as distortion hardening. The derived model
will allow non-proportional load histories to be taken into account,
e.g. where the paperboard is stretched and unloaded in different
directions. It is shown that the generalization of the yield criterion
in Xia et al. (2002) to include distortion hardening can be made
naturally in the thermodynamic framework. It is also shown that
a calibration of the model parameters can be made using standard
uniaxial tests.
To illustrate the predictive capabilities of the proposed model,
the paperboard has been loaded at different angles in the plane,
and also been compared with full-ﬁeld measurements in two
separate loading situations. The full ﬁeld measurements have been
obtained using Digital Image Correlation (DIC) equipment. DIC-
measurements on paperboard have the potential to increase the
understanding of the mechanisms present during loading of paper-
board, cf. Hagman and Nygårds (2012) for a recent contribution on
the topic. As a particular load situation, a paperboard with a central
hole has been considered in this work. The load has been applied
parallel to both the MD and CD directions of the paperboard. The
strain ﬁelds have been extracted from DIC-measurements and
compared with simulation results using the derived material
model.
The article is organized as follows, in Section 2 the experimental
evidence on non-proportional tests is presented, Section 3 and 4
deals with the kinematic and thermodynamic considerations,
where tensors will be considered in a Cartesian setting, i.e. follow-
ing the work of Ciarlet (1988). Taking into account that the ﬁrst
and second laws of thermodynamics should be fulﬁlled, physical
sound models and constitutive relations is developed. Section 5
presents the speciﬁc model and in Section 6 the calibration from
uniaxial experiments is presented. In Sections 7 and 8, results
and comparisons from uniaxial tests and DIC experiments are
shown.Fig. 2. Illustration of the loading sequence. (a) Uniaxial pre-straining of a larger
test-piece in CD. (b) Uniaxial loading of sample in the orthogonal direction to the
pre-straining direction in MD.2. Experimental evidences
Non-proportional loading situations are present in many indus-
trial process steps related to paperboard converting. To the authors
knowledge, there is a lack of experimental results reported in the
literature especially for non-proportional load situations of paper-
board. As the present work is aimed to predict non-proportionalhardening effects, non-proportional experimental test will be pre-
sented below.
A schematic illustration of the testing procedure of pre-strain-
ing the paperboard and then the subsequent uniaxial test is shown
in Fig. 2. The large test sample is pre-strained (CD/MD) until fail-
ure, which corresponded to an average strain of: 6.5% in CD and
3.1% in MD. Several specimen are then cut out and loaded in the
direction perpendicular to the original loading direction.
The pre-straining was done with a standard MTS-tensile test
machine with a 160 mm wide paperboard and 145 mm clamped
length. All the tests have been performed in a climate chamber
with 50% moisture content and at room temperature 23 C. The
uniaxial tension tests were performed with the Th1 tensile tester
(Lorentzon & Wettre Alwetron), which follows ISO 1924–3 stan-
dard, using w0 ¼ 15 mm wide paper and a clamped length of
L0 ¼ 100 mm. The strain rate was 1.65%/s. The initial thickness,
t0, of the samples was determined to t0 ¼ 0:38 mm. Sixteen uniax-
ial tension tests have been conducted in each direction for the pre-
strained and non-prestrained samples.
The experimental results are shown in Fig. 3, both for the situ-
ation without pre-straining and when the samples were pre-
strained. For the uniaxial MD and CD tests after pre-straining, a
reduction in stiffness is observed as well as reduction in the hard-
ening. The reduction of stiffness is approximately 25% for the MD-
direction and 13% in CD. It is observed that pre-straining in MD
changes the uniaxial stress–strain response in CD to a lesser extent
compared with pre-straining in CD, which inﬂuences the MD re-
sponse signiﬁcantly. The effect of softening as shown in Fig. 3 is
not well known in the literature. It should also be noted, that the
thickness has been shown to remain almost constant during in-
plane loading for several paperboard materials, cf. Stenberg
(2002). Therefore a decoupling of the material response between
the in-plane and the out-of-plane directions is assumed, i.e. zero
Poisson’s ratio.
Fig. 3. Uniaxial stress–strain curves in CD and MD. Light blue color is used for the
experimental data obtained from samples that were not pre-strained and purple
color is used for the pre-strained samples. Normalized force vs normalized
displacement has been plotted, where A0 is the initial cross section area and L0 is
the initial length. (For interpretation of the references to color in this ﬁgure legend,
the reader is referred to the web version of this article.)
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not accurately be captured by elasto-plasticity using a single inter-
nal variable (often the effective plastic strain), cf. Xia et al. (2002)
and Mäkelä and Östlund (2003). Orthotropic elasto-plastic models
with a single internal variable, will overestimate the stress–strain
response for samples that have been pre-strained in a perpendicu-
lar direction to the load direction. The overestimation stems from
the fact that a single internal variable leads to an expansion of
the yield surface and therefore an increased yield stress will be
obtained upon reloading in a perpendicular direction. An attempt
to simulate the pre-straining behavior using a standard orthotro-
pic-elastic–plastic model with a Hill surface and isotropic harden-
ing, cf. Abaqus (2012), is shown in Fig. 4.
The Hill-model clearly overestimates the response in MD for the
pre-strained samples in CD. The experimental evidence shows a
decreased yield stress for the pre-strained samples, whereas the
Hill-model predicts an increased yield stress. Based on the experi-Fig. 4. Uniaxial stress–strain curves in and MD together with simulation using a standar
data obtained from samples that were not pre-strained and purple color is used for the
normalized displacement has been plotted, where A0 is the initial cross section area an
legend, the reader is referred to the web version of this article.)mental observations in Fig. 3, we propose a model in which the
yield surface hardens non-isotropically in the stress-space. This
effect is accomplished via the introduction of several internal vari-
ables, i.e. a form of distortion hardening. To reduce the complexity
of the model, the reduction in elastic stiffness visible in the exper-
imental tests will not be considered here.
Another approach for modeling the pre-straining is to use kine-
matic hardening for the evolution of the yield surface. Kinematic
hardening has however not been considered here, but can also be
introduced in the framework.3. Kinematics
Consider a material body in the reference conﬁguration X0 2 R3
at the time instance t0 and at the deformed conﬁguration X 2 R3 at
time instance t. The non-linear map that deﬁnes the motion is gi-
ven by uðX; tÞ : X0  T ! X, in the time interval T 2 ½t0; t and
where X denotes the position of a particle in the reference conﬁg-
uration and the position of the same particle in the current conﬁg-
uration is found as x ¼ uðX; tÞ. The mapping of vectors in the
reference conﬁguration to the current conﬁguration is given by
the deformation gradient F ¼ @u
@X. To model elasto-plasticity a mul-
tiplicative split of the deformation gradient into an elastic and a
plastic part is assumed, i.e.
F ¼ FeFp; ð1Þ
where Fe and Fp are the elastic- and plastic-deformation gradients,
respectively. The spatial velocity gradient deﬁned as, l ¼ _FF1 can
be additively be split into
l ¼ le þ FeLpFe1 ¼ le þ lp; ð2Þ
where
le ¼ _FeFe1; Lp ¼ _FpFp1; ð3Þ
are referred to as the elastic and plastic velocity gradients. Further
on, the polar decomposition of Fe will be exploited and is given by
Fe ¼ V eRe; ð4Þ
where Re is the orthogonal elastic rotation tensor and Ve is the sym-
metric positive deﬁnite left elastic stretch tensor. The elastic Finger
tensor, be is given byd Hill-model with isotropic hardening. Light blue color is used for the experimental
pre-strained samples. Black color is used for the simulations. Normalized force vs
d L0 is the initial length. (For interpretation of the references to color in this ﬁgure
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and will be used in the constitutive model. By using (2) and (5) the
material time derivative of be can be expressed as
_be ¼ 2symðlbeÞ  2symðlpbeÞ; ð6Þ
where symð½Þ denotes the symmetric part of ½.
The modeling framework for orthotropy will follow that out-
lined in Harrysson et al. (2007) and Harrysson and Ristinmaa,
2007. To model orthotropy, a set of director vectors,
(v ðaÞ0 ;a ¼ f1;2;3g), which are aligned with the MD, CD and ZD
directions and of unit length in the reference conﬁguration are
introduced. In this work, it is postulated that the director vectors
evolve with the elastic rotation (see also Ask and Ristinmaa,
2008), i.e.
v ðaÞ ¼ Rev ðaÞ0 ; ð7Þ
where v ðaÞ is the director vector in the spatial conﬁguration. The
choice (7), will ensure that the director vectors will remain at unit
length and orthogonal to each other during deformation. Note that
in contrast to Harrysson and Ristinmaa (2007), the evolution of the
director vectors are postulated in a total format instead of an incre-
mental evolution.
A set of second order structural tensors deﬁned as a dyadic
product of the director vectors are introduced as
mðaÞ ¼ v ðaÞ  v ðaÞ; mðaÞ0 ¼ v ðaÞ0  v ðaÞ0 : ð8Þ
The structural tensors, mðaÞ, will be used to derive the free en-
ergy potential introduced in the next section. Using the symmetry
of mðaÞ along with (7) allows the material time derivative of the
structural tensors to be expressed as
_mðaÞ ¼ 2symðXemðaÞÞ; ð9Þ
where
Xe ¼ _ReReT ; ð10Þ
was deﬁned. The material time derivative of the elastic rotation ten-
sor is found from the polar decomposition of Fe. Differentiation of
(4) and making use of (2) results in
_Re ¼ V e1ðleFe  _VeReÞ: ð11Þ
The elastic stretch tensor can be written as Ve ¼
ﬃﬃﬃﬃﬃ
be
p
and the
time derivative of Ve can be expressed as
_V e ¼ @
ﬃﬃﬃﬃﬃ
be
p
@be
_be ¼ He _be: ð12Þ
The fourth order tensor He can be computed by taking advan-
tage of the spectral decomposition theorem, cf. Miehe (1998). In
this work however,
ﬃﬃﬃﬃﬃ
be
p
is computed numerically with the Den-
man–Beaver square root iteration scheme, cf. Denman and Beavers
(1976). The fourth order tensor He is determined by ﬁrst
computing
ﬃﬃﬃﬃﬃ
be
p
with the Denman–Beaver scheme, followed by an
analytical differentiation.
Furthermore for later purposes, the spin Xe will be expressed in
terms of l and lp. By using (11), (12) and (6) in (10), the tensor Xe
can be rewritten as
Xe ¼ V e1ðl lpÞV e  2V e1He : symðlbeÞ  symðlpbeÞ : ð13Þ
The stress–strain relation will now be derived on the basis of
thermodynamical arguments.4. Thermodynamic considerations
Although the model is primarily intended for isothermal situa-
tions, it should fulﬁll the laws of thermodynamics. Ignoring the ef-
fects of temperature, the dissipation inequality in the spatial
setting is deﬁned as
d ¼ s : d q0 _wP 0; ð14Þ
where d is the symmetric part of the spatial velocity gradient, s is
the Kirchhoff stress tensor and w is the Helmholz free energy. The
free energy is assumed to be a function of the elastic Finger tensor,
be, the structural tensors, mðaÞ, and a set of internal variables, jðcÞ,
which accounts for irreversible effects, i.e. q0w ¼ q0wðbe;mðaÞ;jðcÞÞ.
The dissipation inequality then takes the form
d ¼ s : d q0
@w
@be
: _be  q0
@w
@mðaÞ
: _mðaÞ  q0
@w
@jðcÞ
_jðcÞ P 0: ð15Þ
The superscripts a and c in the expression above should be
interpreted as a summation over the indices. Using the time deriv-
ative of the elastic Finger tensor (6) and the structural tensors (9),
we arrive at
d ¼ s 2q0
@w
@be
be
 
: dþ 2q0
@w
@be
be
 
: dp  2q0
@w
@mðaÞ
mðaÞ
 
:
Xe  q0
@w
@jðcÞ
_jðcÞ; ð16Þ
where dp is the symmetric part of the spatial plastic velocity gradi-
ent, lp. Inserting (13) in the dissipation inequality (16) and by mak-
ing use of Coleman’s arguments (Coleman and Gurtin, 1967) the
constitutive relation for the Kirchhoff stress tensor becomes,
s ¼ 2q0
@w
@be
be þ Ve1 @w
@mðaÞ
mðaÞ
 
V e  2V e1 @w
@mðaÞ
mðaÞ
 
: ðHe  beÞ
 
ð17Þ
The Kirchhoff stress tensor (17) is symmetric, since the Helm-
holz free energy is assumed to be an isotropic function of its argu-
ments, cf. Harrysson and Ristinmaa (2007) and Menzel and
Steinmann (2003). The remaining part of the dissipation inequality
is given as,
d ¼ s : dp  KðcÞ _jðcÞ P 0; ð18Þ
where the energy conjugates to the internal variables was deﬁned
as
KðcÞ ¼ q0
@w
@jðcÞ
: ð19Þ
The speciﬁc model will be discussed next.
5. The constitutive model
5.1. Elasticity
The out-of-plane response is assumed to be decoupled from the
in-plane response, and as a consequence only one structural tensor
is needed to capture the in-plane behavior. Decoupling of the out-
of-plane has been veriﬁed to be an accurate approximation for
paperboard and used by several authors, cf. Stenberg (2002) and
Nygårds et al. (2009). Only the in-plane model will be considered
here. The Helmholz free energy is assumed to be split into an
elastic and a plastic part,
q0w ¼ q0weðbe;mð1ÞÞ þ q0wpðjðcÞÞ: ð20Þ
In the Helmholz free energy, a general structural tensor for
transverse isotropy will be utilized. It is deﬁned as
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where I is the second order identity tensor and p and q are material
parameters. Note thatm can not be written as a dyadic product of a
vector, however it can be Cholesky decomposed asm ¼ HTH, where
H is a lower triangular matrix of a general structural tensor m.
If the additional requirement pþ 2q ¼ 1 is imposed i.e.
trðm0Þ ¼ 1, then it can be possible to relate q to a ﬁber distribution
function with a normalizing condition, cf. Gasser et al. (2006). It
turns out that enforcing pþ 2q ¼ 1 for the paperboard, that has
been considered here, will give an accurate ﬁt to experimental
material data. See also Wahlström (2009) for a more thorough dis-
cussion on ﬁber distribution of paperboard.
A list of speciﬁc free energies that automatically fulﬁlls stress-
free reference conﬁguration is given in Schröder et al. (2008). The
free energy for the paperboard material has been chosen according
to
q0w
e ¼ A 1ðaþ 1Þðpþ 2qÞa ðI
e
1Þðaþ1Þ þ Ie2  ðpþ 2qÞJ
 
; ð22Þ
where A and a a constitutive parameters. The strain invariants in
(22) are deﬁned as,
Ie1 ¼ trðbemÞ
Ie2 ¼ J2trðbe1mÞ
J ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
detðbeÞ
q
:
ð23Þ
Polyconvexity implies that the free energy is a convex function
in the arguments.
fFe; cofðFeÞ;detðFeÞg, where cofðÞ is deﬁned by cofðFeÞ ¼
detðFeÞFeT . Polyconvexity together with the growth criterion guar-
anties the existence of at least one minimizer to the functional of
the elastic boundary value problem, cf. Ball (1977). Since the sec-
ond derivative of J with respect to J is zero, it is concluded that J
is convex. The invariants Ie1; I
e
2 can be split into terms involving
the director vectors see Appendix A and then the proof found in
Schröder and Neff (2002) can be used when p q > 0. Alternatively
the proof in Schröder et al. (2008) can be used, cf. also Ebbing
(2010) for an extensive review of polyconvexity using crystallo-
graphic structural tensors and the Cholesky decomposition. Given
that A; a; p and q are positive quantities, it is then concluded that
(22) is a polyconvex free energy potential.
5.2. Plasticity
Many models are able to accurately predict the proportional
stress–strain response for paperboard, whereas the predictive
capability for non-proportional test are less accurate. Therefore a
yield surface which hardens non-isotropically will be employed.
Following the work in Xia et al. (2002), a set of yield sub-surface
tensors nðmÞ, which are normals to the yield planes, are introduced.
For this purpose a set of dyadic products deﬁned by the director
vectors are introduced as,
nðmÞ ¼ nðmÞ11v ð1Þ  v ð1Þ þ nðmÞ22v ð2Þ  v ð2Þ þ nðmÞ12 ðv ð1Þ  v ð2Þ þ v ð2Þ  v ð1ÞÞ;
ð24Þ
where nðmÞ11 ; n
ðmÞ
22 and n
ðmÞ
12 are constants. Six tensors, n
ðvÞ, are intro-
duced in the model, each associated to a yield plane. The yield
planes are associated to the following stress states (in order from
1 to 6): MD tension, CD tension, positive oriented shear, MD com-
pression, CD compression and negative oriented shear.
The conjugate variables, KðmÞ, in (19), will be used as a measure
of the distance in the stress-space, which a yield plane is trans-
lated. The plastic part of the free energy is postulated to beq0w
p ¼
X6
b¼1
ab
bb
ðbbjðbÞ þ 1Þ lnðbbjðbÞ þ 1Þ  bbjðbÞ
 
: ð25Þ
Using (19), the conjugate quantities then takes the following
form
KðmÞ ¼ am lnðbmjðmÞ þ 1Þ: ð26Þ
Note that according to the decoupling present in (25), each
hardening variable KðmÞ is associated with one internal variable,
jðmÞ. To allow for modeling of the non-proportional loading behav-
ior revealed in the experimental tests, the yield surface proposed in
Xia et al. (2002) will be enhanced. The enhanced part is related to
the hardening behavior. The yield function is given as
f ðs;nðbÞ;KðbÞÞ ¼
X6
m¼1
vðmÞ s : n
ðmÞ
sðmÞ
 2k
 1; ð27Þ
where the stress sðmÞ is deﬁned as
sðmÞ ¼ KðmÞ0 þ
X6
c¼1
xmcKðcÞ: ð28Þ
In (27), k is a constant natural number and vðmÞ is a switch func-
tion, which determines if a yield plane is active for the current
stress state and is deﬁned as
vðmÞ ¼ 1 if s : n
ðmÞ > 0
0 otherwise:
(
ð29Þ
The quantity xmc in (28) deﬁnes a constant positive-deﬁnite
matrix and it introduces a coupling between the hardening of the
six different sub-yield surfaces, allowing for non-isotropic harden-
ing. This will enable the model to capture the experimental ob-
served behaviour shown in Fig. 3. Note that if xmc is chosen as
the identity matrix, then the yield surface proposed in Xia et al.
(2002) is retained. The yield surface for the situation when
s12 ¼ 0 is illustrated in Fig. 5.
The yield surface in Fig. 5 illustrates four yield plane gradients
deﬁned by the normals nð1Þ; nð2Þ; nð4Þ and nð5Þ together with a
graphical interpretation of sð1Þ; sð2Þ; sð4Þ and sð5Þ, i.e. the shortest
distance to each yield plane from the origin. Increasing the expo-
nent k in (27) will provide sharper corners in the yield surface,
cf. Fig. 5. The value for k can be determined by considering biaxial
stress states. The material parameters will however be derived
from simple uniaxial tests and therefore a value for k has been cho-
sen. The value k ¼ 3 has been taken in this work, whereas in Xia
et al. (2002) the choice k ¼ 2 was made.
The evolution laws are given as
dp ¼ _k @f
@s
_jðmÞ ¼  _kx1ma
@f
@KðaÞ
;
ð30Þ
where a is a summation index and _k will be determined by enforc-
ing f ¼ 0 during elasto-plastic loading. It is further assumed that the
plastic spin skewðlpÞ ¼ 0. Note that the inverse of the coupling ma-
trix,x1mc enters the evolution law for jðmÞ in (30). This format is cho-
sen to obtain a physical interpretation of the internal variables in
terms of the experimentally measured plastic strains. The dissipa-
tion inequality (18) with the evolution laws in (30) becomes
d ¼
X6
c¼1
2kvðcÞ _kK2kc 1
KðcÞ
sðcÞ
 !
P 0; ð31Þ
cf. Appendix B for a derivation and the deﬁnition of Kc. A sufﬁcient
condition for the inequality (31) to be fulﬁlled, is that for all terms c
Fig. 5. An illustration of the yield surface deﬁned by (27) for s12 ¼ 0 for k ¼ 3. The dotted line represents the yield surface when the exponent k!1 and k ¼ 2.
Table 1
Numerical values of the elastic parameters.
Elastic parameters
A (MPa) 950
p () 0.49
a () 4.8
2416 E. Borgqvist et al. / International Journal of Solids and Structures 51 (2014) 2411–2423KðcÞ 6 KðcÞ0 þ
X6
a¼1
xcaKðaÞ; ð32Þ
where (28) was used. The criterion (32) will be discussed in detail
for the speciﬁc xca that has been employed in the calibration
section.
6. Calibration procedure
The number of constitutive parameters involved in an orthotro-
pic elastic, orthotropic plastic constitutive model is inevitable
large. One strategy for ﬁnding the constitutive parameters is to
make use of inverse modelling in conjunction with optimization
methods, cf. Garbowski et al. (2011). In the present work we will
present a simple approximate ﬁtting procedure that enables the
constitutive parameters to be determined from simple uniaxial
tests. It turns out that the response obtained using the estimated
parameters ﬁts well to the experimental uniaxial curves present
in the calibration process.
Five uniaxial tests are used to calibrate the in-plane model, i.e.
tension tests in MD, CD and 45 and compression tests in MD and
CD. The following stress states are assumed to be valid in the uni-
axial tests:
s ¼ sMDtmð1Þ0 MD-tension
s ¼ sCDtmð2Þ0 CD-tension
s ¼ sMDcmð1Þ0 MD-compression
s ¼ sCDcmð2Þ0 CD-compression
s ¼ s
45t
2
mð1Þ0 þmð2Þ0 þ v ð1Þ0  v ð2Þ0 þ v ð2Þ0  v ð1Þ0
 
45-tension:
ð33Þ
The 45 tension stress state in (33) is obtained by rotating a uni-
axial stress state 45 degrees. Note that the director vectors are as-
sumed to be constant in the calibration procedure, i.e. the rotations
are assumed negligible. It will turn out that this assumption will
provide a good ﬁt to the uniaxial curves. The Kirchhoff stresses s
have been identiﬁed from the measured force F and the initial cross
sectional area, A0, and initial specimen length L0, as
s ¼ F
A0
1þ u
L0
 
: ð34Þ
In the calibration procedure below, the elastic parameters will
be considered ﬁrst, and then the plastic part.6.1. Elasticity
The initial (for small strains) orthotropic stiffness tensor, can be
written as (in Voigt notation)
D ¼ 1
1 m12m21
E11 m12E22 0
m21E11 E22 0
0 0 ð1 m12m21ÞG12
264
375; ð35Þ
where E11 and E22 are the elastic modulus in MD and CD, m12 and m21
are the Poisson’ ratios and G12 is the shear modulus. Note that the
symmetry condition m12E22 ¼ m21E11 holds. The expression (35) will
be used to relate the elastic parameters present in the model. The
elastic moduli in MD, CD and 45 are deduced from the experimen-
tal uniaxial tension curves and G12, can be found from a standard
expression found in Lekhnitskii (1968). The contraction has been
measured from uniaxial DIC-tests and it was found thatﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m12m21
p  0:30; ð36Þ
where m12; m21 are the Poisson’s ratios in MD and CD respectively. In
the experimental investigation (Baum et al., 1981) the valueﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m12m21
p  0:293 was found for a range of paperboards. The result
(36) together with the symmetry condition of the compliance ten-
sor (35) gives that the Poisson’s ratio can be found.
The stiffness tensor resulting from the strain energy (22), for
F ¼ I, i.e. initial stiffness, has been computed numerically with
the constraint q ¼ ð1 pÞ=2. The difference of the matrix compo-
nents in D from (35) and from the stiffness resulting from the free
energy (22) has been minimized in a least square sense to obtain
the material data. The result of the ﬁtting procedure is found in
Table 1.
6.2. Plasticity
The calibration of the plastic parameters is a bit more involved.
From the experimental evidences in Fig. 3, it can be concluded
that the pre-strained samples display a softer response than
Fig. 6. Evolution of yield surfaces for uniaxial tension in CD for s12 ¼ 0.
Table 2
Numerical values of subsurface parameters.
Subsurface, m nðmÞ11 n
ðmÞ
22 n
ðmÞ
12
1 0.92 0.40 0
2 0.20 0.98 0
3 0 0 0.71
4 1 0 0
5 0 1 0
6 0 0 0.71
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ular to the pre-strained direction, a softening effect can be achieved,
cf. Fig. 6.
In Fig. 6 the evolution of the yield surface is shown for uniaxial
tension in CD. During loading in CD-tension, the distance to the
yield sub-surface belonging to MD-tension is decreasing. It turns
out that the distortion hardening illustrated in Fig. 6 can be cap-
tured by ﬁtting the xmc parameters present in the yield surface
(27). However, ﬁrst the components of the yield subsurfaces, nðmÞij ,
deﬁned in (24) needs to be determined.
6.2.1. Yield subsurfaces, nðmÞij
The yield plane normals nðmÞij determines the shape of the yield
surface. Consider ﬁrst the MD-tension stress state given in (33).
Insertion of (33a) into (30) provides the plastic velocity gradient.
Projection of the plastic velocity gradient on mð1Þ0 and m
ð2Þ
0 gives
dp11 ¼
_k2kK2k11 n
ð1Þ
11
sð1Þ
dp22 ¼
_k2kK2k11 n
ð1Þ
22
sð1Þ
:
ð37Þ
The axial and lateral strain ratio d11=d22 has been shown for
many paperboard materials to remain approximately constant, cf.
Xia et al. (2002) and Harrysson and Ristinmaa (2008). For paper-
board, the experimental data available for the yield-surface shape
is limited and therefore the calibration of the nðmÞij will be based on
the assumption that the plastic strain rate ratio equals the total
strain rate,
dp11
dp22
¼ n
ð1Þ
11
nð1Þ22
¼ m12; ð38Þ
i.e. the approximation (38) that was adopted in cf. Xia et al. (2002)
has been employed. Note also that (36) has been utilized in (38).
Using the following normalizing conditionﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðnðmÞ11 Þ
2 þ ðnðmÞ22 Þ
2 þ 2ðnðmÞ12 Þ
2
q
¼ 1; ð39Þ
and assuming no coupling to the shearing, i.e. nð1Þ12 ¼ nð2Þ12 ¼ 0 , gives
that nð1Þ11 and n
ð1Þ
22 can be determined. A similar procedure for the CD-
stress state can then be made. In summary, the yield plane normals
for the MD- and CD-tension are obtained as,nð1Þ11 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2
12
p
nð1Þ22 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðnð1Þ11 Þ
2
q
9>=>;MD
nð2Þ22 ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ1þm2
21
p
nð2Þ11 ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 ðnð2Þ22 Þ
2
q
9>=>;CD ð40Þ
For the sub-surfaces associated with the compression states in
(33), it has been assumed that there is no coupling between the ax-
ial and lateral plastic strains due to lack of experimental evidence,
therefore nð4Þ11 ¼ nð5Þ22 ¼ 1 and nð4Þ22 ¼ nð5Þ11 ¼ nð5Þ12 ¼ nð4Þ12 ¼ 0 is adopted.
For the yield plane normals associated with the positive and nega-
tive shear, it is assumed nð3Þ11 ¼ nð3Þ22 ¼ nð6Þ11 ¼ nð6Þ22 ¼ 0, i.e. the shear
sub-surfaces are assumed decoupled from the normal components.
The normalizing condition (39) gives then nð3Þ12 ¼ 1=
ﬃﬃﬃ
2
p
and
nð6Þ12 ¼ 1=
ﬃﬃﬃ
2
p
. The numerical values for the yield plane subsurfaces
are summarized in Table 2.
6.2.2. The coupling components xmc
To achieve the distortional hardening as illustrated in Fig. 6,
bothx12 andx21 must be negative. Since no experimental data ex-
ists for the other directions, it is for simplicity assumed that the
remaining cross terms xcm ¼ 0; fm– cg. Without loss of generality,
the diagonal terms are further assumed to be normalized such that
xcc ¼ 1. For uniaxial tension loading in MD and CD, it follows from
(33) and (27) that
sð1Þðjð1Þ;jð2ÞÞ ¼ Kð1Þ0 þ Kð1Þ þx12Kð2Þ ¼ sMDtnð1Þ11
sð2Þðjð1Þ;jð2ÞÞ ¼ Kð2Þ0 þx21Kð1Þ þ Kð2Þ ¼ sCDtnð2Þ11 :
ð41Þ
Furthermore from (30) it follows that,
_jðmÞ ¼ _k2kvðmÞK
2k
m
sðcÞ
; KðmÞ ¼ KðmÞðjðmÞÞ: ð42Þ
Table 3
Hardening parameters.
Subsurface, m KðmÞ0 (MPa) am , (MPa) bm , ()
1 17 13 710
2 7.8 5.0 1200
3 9.3 5.1 1100
4 18 0 0
5 11.6 0 0
6 9.3 5.1 1100
2418 E. Borgqvist et al. / International Journal of Solids and Structures 51 (2014) 2411–2423The coupling term x12 is found by considering the yield func-
tion (27) for the pre-straining in CD-tension followed by MD-ten-
sion. During uniaxial pre-straining in CD, the evolution law (30)
provides Kð1Þðjð1ÞÞ ¼ Kð1Þð0Þ ¼ 0, due to vð1Þ ¼ 0, cf. (42). The state
obtained after the pre-strain loading in CD is given as
sð1Þð0;jð2ÞpreÞ ¼ Kð1Þ0 þx12Kð2Þpre
sð2Þð0;jð2ÞpreÞ ¼ Kð2Þ0 þ Kð2Þpre:
ð43Þ
where the subscript ‘pre’ denotes the value obtained during this
loading. The experimental evidence when loading in MD, i.e. the
perpendicular direction, indicates that sð1Þð0;0ÞP sð1Þð0;jð2ÞpreÞ cf.
also Fig. 6, which requires that yielding starts earlier for the pre-
strained sample. The difference is denoted by
Dsð1Þ ¼ sð1Þð0;0Þ  sð1Þð0;jð2ÞpreÞ ¼ x12Kð2Þpre ð44Þ
where (43) was used. Since Dsð1Þ can be obtained from the experi-
mental data it follows that
x12 ¼ Ds
ð1Þ
Kð2Þpre
: ð45Þ
A similar procedure for x21 is found by considering the yield
function (27) for the MD-tension stress state followed by CD,
x21 ¼ Ds
ð2Þ
Kð1Þpre
: ð46Þ
The parameters are identiﬁed as x12 ¼ 0:59 and x21 ¼ 0:071.
Returning to the condition for fulﬁlling the dissipation inequal-
ity, (32), it is required that
Kð1Þ 6 Kð1Þ0 þ Kð1Þ þx12Kð2Þ;
Kð2Þ 6 Kð2Þ0 þ Kð2Þ þx21Kð1Þ:
ð47Þ
Consider now uniaxial tension in CD, i.e. (33b). For this stress
state, the evolution laws provides Kð1Þ ¼ 0, which implies that
(47b) is automatically fulﬁlled and only (47a) needs to be consid-
ered. Rewriting (47a) and using (44) gives
Dsð1Þ 6 Kð1Þ0 ð48Þ
indicating that the decrease of MD-yield subsurface when loading
in CD (left hand side), must be less than the initial distance to the
MD-subsurface (right hand side). A similar interpretation can be
made for x21.
6.2.3. Hardening parameters
The hardening, KðmÞ, can be identiﬁed from the experimental
tests using the stress states in (33). Considering tensile loading in
MD it follows from (27) that
sð1Þ ¼ Kð1Þ0 þ Kð1Þ ¼ sMDtnð1Þ11 : ð49Þ
From the evolution laws (30), the following relations are then
obtained,
dp;MDt11 ¼ _k2k
nð1Þ11K
2k1
1
sð1Þ
_jð1Þ ¼ _k2kK
2k
1
sð1Þ
;
ð50Þ
where dp;MDt11 is the component of the symmetric plastic velocity gra-
dient dp projected on mð1Þ0 . Assuming negligible rotations enables
the spatial velocity gradient to be expressed in terms of the plastic
stretch tensor Vp, cf. (3), as
_
lnVp;MDt ¼ dp;MDt11 ; ð51Þ
where Vp;MDt is the plastic stretch in the MD-tension stress state
projected onmð1Þ0 . Time integration of d
p;MDt
11 will then give a relationto the logarithmic plastic stretch tensor. Then the ratio dp;MDt11 = _jð1Þ
from (50) together with (51) and (49) enables the internal variables
of jð1Þ to be determined as
jð1Þ ¼ lnV
p;MDt
nð1Þ11
: ð52Þ
Thus allowing for sMDt ¼ sMDtðlnVp;MDtÞ to be established; which
has been measured in the experimental tests. A similar procedure
can be made for the remaining stress states in (33). To determine
the hardening parameters am and bm, a least square ﬁt in the MD,
CD and 45 tension tests has been made. The numerical values
are summarized in Table 3.
7. Numerical implementation
The backward Euler method is used for the update of the state
variables. Consider a time interval Dt 2 ½tn; tnþ1 between loadstep n
and nþ 1, where Fnþ1 is given. First a trial step is made to check
whether plasticity takes place in the elapsed time interval,
Fetrial ¼ Fnþ1Fp1n
v ðaÞtrial ¼ Retrialv ðaÞ0
jðmÞtrial ¼ jðmÞn :
ð53Þ
where Retrial is obtained from the polar decomposition of F
e
trial. Using
(53), the trial value of the yield surface is computed according to
f trial s Fetrial;v
ðaÞ
trial
 
;nðcÞ v ðaÞtrial
 
;KðmÞðjðcÞtrialÞ
 
. For the situation f trial < 0,
the updated variables are equal to the trial quantities otherwise
an update is made according to (30). Using the backward Euler
scheme, the discrete evolution equation becomes
Fpnþ1 ¼ Fpn þ DkF1nþ1Fpnþ1
@f
@s
				
nþ1
Fp1nþ1Fnþ1
jmnþ1 ¼ jðmÞn  Dk
@f
@KðmÞ
				
nþ1
0 ¼ f jnþ1
ð54Þ
The equation system (54) is solved using the Newton–Raphson
algorithm.
For the numerical treatment of the model, the Algorithmic Tan-
gent Stiffness (ATS) matrix is needed. The algorithm allows us to
derive an implicit expression for Fp as a function of F , i.e. the Kir-
chhoff stress can be written as s ¼ sðFeÞ ¼ sðF; FpðFÞÞ. The ATS ma-
trix is then given as
D ¼  Is½   sI½  þ @s
@F
FT ; ð55Þ
cf. Harrysson and Ristinmaa (2007) for a derivation. The non-stan-
dard dyadic notation AB½  : C ¼ A  CT  BT and AB½  : C ¼ A  C  BT
have been introduced above.
To improve the accuracy of the solution procedure, the Ellsie-
pens 2-stage Diagonally Implicit Runge–Kutta (DIRK) method has
been utilized cf. Hartmann (2005) and Borgqvist and Wallin
(2012).
Fig. 8. Uniaxial stress–strain curves in CD and MD. Light blue color is used for the
experimental data obtained from samples that were not pre-strained, purple color
is used for the pre-strained samples and black for the simulations. Normalized force
vs normalized displacement has been plotted, where A0 is the initial cross section
area and L0 is the initial length. (For interpretation of the references to color in this
ﬁgure legend, the reader is referred to the web version of this article.)
E. Borgqvist et al. / International Journal of Solids and Structures 51 (2014) 2411–2423 24198. Veriﬁcation of calibration and uniaxial response
The model is ﬁtted to uniaxial tension in the MD, CD and 45
directions, as well as uniaxial compression in MD and CD. The Long
Compression Test (LCT) apparatus were used for compression tests,
which has lateral support to prevent buckling, cf. Cavlin and Fellers
(1975). The paperboard used in the compression tests were,
w0 ¼ 25 mm wide and had a clamp length l0 ¼ 55 mm. The uniax-
ial tests and pre-straining where performed according to the
description in Section 2. To test the calibration procedure, uniaxial
ﬁnite element simulations have been performed. One element
FEM-simulation where the internal force and the displacement
has been extracted is shown in Fig. 7 for different angles.
As observed from Fig. 7, despite the approximative assumptions
in the calibration procedure, an accurate ﬁt to the uniaxial curves is
obtained. Note too that no ﬁtting has been made for the interme-
diate angles, 15, 30, 60, 75 in tension and 45 in compression,
indicating that the model provides realistic predictions in uniaxial
loading situations. Note that the simplifying assumption of ideal
plasticity for the compressive subsurfaces in MD and CD has been
made, even though the slopes of the curves are not constant up to
failure.
The predicted response for the non-proportional situations are
shown in Fig. 8, where it is concluded that the presented model al-
lows the hardening response of the pre-strained samples to be pre-
dicted. Note that the distortion hardening reduces the yield stress
for the pre-strained samples and the simulated hardening response
is then predicted by the model. The change in the initial stiffnesses
present in the experiments are not captured by the proposed elas-
to-plastic model. Notice also the variation in the response in-
creases when the samples are pre-strained. The pre-strained
samples fail, however, at approximately the same displacement
as the non-prestrained samples.9. DIC comparison
Digital Image Correlation (DIC) measurements have been per-
formed with a single camera on a sample with a central hole. Tests
have been conducted when the loading direction is parallel to CD
and when it is parallel to MD. The boundary conditions are given
in Fig. 9(a). The resulting strain ﬁeld from the experimental setupFig. 7. Uniaxial stress–strain curves in CD and MD. Light blue and purple color is used for
for the simulations. Normalized force vs normalized displacement has been plotted, whe
the references to color in this ﬁgure legend, the reader is referred to the web version ofhas been compared to the strain ﬁeld obtained from the
simulations.
The dimensions of the geometry are given by R ¼ 10 mm,
2w ¼ 50 mm, 2L ¼ 80 mm. The tests has been conducted on a stan-
dard MTS-tensile machine with a displacement rate of 2 mm/min.
The tests have been performed in climate chamber with moisture
content RH = 50% and temperature T = 23 C.
Four-node Lagrangian isoparametric elements have been used
in the simulations. The DIC-ﬁeld have been obtained by using the
software VIC-2d (Correlated solutions Inc.). One high speed camera
Gazelle GZL-CL-22C5M-C (Point Grey Inc.), with a resolution of
2048 times 1088 at 280 frames per second has been used. Before
examining the DIC results, the macroscopic load–displacement
curve will be discussed.
The force–displacement curves in the MD and CD directions for
both the experiments (blue) and simulations (red) are shown
Fig. 10. The experimental force–displacement curves are recordedthe experimental data obtained from samples that were not pre-strained and black
re A0 is the initial cross section area and L0 is the initial length. (For interpretation of
this article.)
Fig. 9. (a) Illustration of the boundary value problem used in the experiments and
numerical simulation. The top and bottom boundaries are constrained at zero
displacement in the x-direction. (b) The ﬁnite element mesh used in simulations
consists of 825 plane stress elements with 4 nodes. Due to the symmetry, only a
quarter of the structure has been considered in the ﬁnite element simulation.
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ing part of the force–displacement curve fracture occurs in the
samples, and since fracture is not considered in the current model,
the simulation are stopped when the softening is initiated. A total
of 14 experiments were performed in CD and 12 in MD. The box-
plots in the Fig. 10 indicate the variation of the global-force re-
sponse for the different samples that have been tested. A visual
comparison between the experiment and simulation curves, shows
that the simulations provide a good prediction of experiments
within expected experimental variation.
Contour plots of the largest principalGreen–Lagrange strain from
the simulated strain ﬁelds and experimental DIC-strain ﬁelds are
shown in Figs. 11(a) and 12(a), respectively. Typical DIC-ﬁeldswhen
loading is appliedparallel toCDandMDare shown. The comparisons
are made at the displacement levels, uy ¼ 0:75;1:00;1:25f g in CD
and uy ¼ 0:45;0:60;0:75f g in MD. In Fig. 10 the displacement levels
are marked from (1) to (3) in the force–displacement curves.
From the DIC-strain ﬁelds in Figs. 11(b) and 12(b) the black con-
tour indicates the full geometry of the samples. The experimental
strain ﬁelds in Figs. 11(b) and 12(b) has been extracted from a sin-
gle test, and thus some variations in the strain-ﬁeld arising from
the inherent inhomogeneity of the paperboard are visible in the
ﬁgures. It is concluded from Figs. 11 and 12 that the overall strainFig. 10. Force–displacement curves for both the experiments (blue) and simulations (red
to MD and CD. The strain ﬁelds present in Figs. 11 and 12 have been taken at the displacem
load level where a visible crack is observed in the sample. (For interpretation of the refe
article.)ﬁelds obtained between the simulations and the experiments are
similar. The strain level and distribution at the different displace-
ments are about the same in the experiments and simulations. In
MD, it is noticed that the strain-ﬁeld is smeared out more in the
vertical direction, whereas in CD the strain ﬁeld is smeared more
in the horizontal direction. These effects are noticed both in the
simulations and in the experiments.
The inhomogeneity of paperboard was investigated in Hagman
and Nygårds (2012) using DIC for uniaxial testing, where localized
strain ﬁelds were observed for the uniaxial load tests. The DIC tests
conducted here shows that a continuum model can capture the
overall strain ﬁelds, even though the paperboard is heterogeneous.
The inherent inhomogeneity of paperboard does not appear to be
crucial for the overall strain ﬁeld in the load cases considered here,
when comparing the simulations and experiments. Note that typ-
ical ﬁber lengths are around 1–3 mm with a width and thickness
around 10–50 lm.
The error between the DIC-samples and the simulations have
also been investigated. The absolute error and a relative error have
been deﬁned as
eabs ¼ eðsimÞ1  eðDICÞ1 ; erel ¼
jeðsimÞ1  eðDICÞ1 j
eDIC1
ð56Þ
where eðsimÞ1 and e
ðDICÞ
1 are the largest principal strains from the sim-
ulations and DIC respectively. The principal strains are compared at
approximately the same positions in the DIC and simulations by
averaging the strains at the nodes from simulations within a radius
of r ¼ 1 mm from the corresponding coordinates in the DIC test. The
error have been plotted at the displacement level (3) marked in
Fig. 10 for MD and CD (see Fig. 13).
A similar tendency for the error are observed for MD as well as
for CD. The largest absolute error occurs at the horizontal sides of
the holes. This implies that the strain ﬁeld at the hole is not per-
fectly captured. The error plots suggests that at the sides of the hole
along a horizontal central line, the simulation overestimates the
principal strains. The relative error at the same positions, indicates
that the relative error next to the hole along the horizontal line is
relatively small. Considering now the relative error along the verti-
cal symmetry line, it is at maximum at the top and bottom of the
hole. From the error plots it can be concluded that the simulations
predicts smaller magnitude of the strains at the top and bottom
location of the hole. This might possible be due to out-of-plane) of the global response of the plate with hole when the loading direction is parallel
ent levels marked with (1)–(3) (same position as the boxplots). The  indicates the
rences to color in this ﬁgure legend, the reader is referred to the web version of this
Fig. 11. Contour plots of largest principal Lagrangian strain for loading in the CD-direction at the displacement levels uy ¼ f0:75;1;1:25g. (a) Simulation values (b) DIC values.
Fig. 12. Contour plots of the largest principal Lagrangian strain for loading in the MD direction at the displacement levels uy ¼ f0:45;0:6;0:75g. (a) Simulation values (b) DIC
values
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camera for the DIC tests or boundary effects.
10. Conclusions
A distortional hardening elasto-plastic model at ﬁnite strains
applicable for paperboard has been presented within a thermody-
namically consistent frame work. Non-proportional experiments
have been performed, which shows that paperboard pre-loadedin a perpendicular direction displays a softened response. It is
shown that this effect can be modeled by introducing coupling ef-
fects such that a softening takes place in the direction perpendicu-
lar to the loading direction.
The elastic part of the model, utilizes an polyconvex free energy.
This introduces physical parameters p and q, related to the ﬁber
distribution of the material. In this work however, the parameters
was determined by ﬁtting to the uniaxial force–displacement
response.
Fig. 13. Contour plot of the error in CD and MD at the displacement level (3) (a) Absolute error, eabs , for CD loading (b) Relative error, erel , for CD loading (c) Absolute error, eabs ,
for MD loading (d) Relative error, erel , for MD loading.
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surface in Xia et al. (2002) is chosen. To allow for a general cou-
pling between the hardening response, multiple hardening vari-
ables together with a coupling matrix between the hardening
variables is introduced. The coupling matrix allows the yield sur-
face to harden distortionally. The yield surface remains convex de-
spite large distortion of the yield surface during hardening. It is
shown that the dissipation inequality sets constraints on the
choice of parameters for the coupling matrix which are physically
logical.
The calibration procedure for the plastic part of the model is
shown to be straightforward and after that some approximations
are introduced, the experimental comparison does not compro-
mise the predicted response. Only uniaxial tests is needed in the
calibration which signiﬁcantly reduce the experimental complex-
ity. The subsurface parameters has been calibrated by assuming
the total strain ratio equals the plastic strain ratio. This assumption
needs to be experimentally veriﬁed and more investigations are
needed to determine the exact shape of the yield surface.
Validation experiments of a sample with a central hole has been
performed to investigate performance of the model, i.e. a non-
homogeneous strain ﬁeld. Digital Image correlation measurements
were performed on the samples to allow comparisons of the strain
ﬁelds between the simulations and the experiments. The results
revealed that a qualitative match between the simulated strain
ﬁeld and the experimental DIC-ﬁeld was obtained. The error be-
tween the simulated strain ﬁeld and the DIC strain ﬁeld were also
compared. The error was largest at the top and bottom of the holes
at the ﬁnal stages of loading. The deviation in the strain ﬁeld can be
due to the constitutive model but it can also be explained byout-of-plane behavior or boundary effects. However, the overall
shape of the strain ﬁeld from a single plate-hole test is captured.
It is concluded that the continuum approach for the modeling of
the in-plane behavior, is able to represent the inhomogeneous
strain ﬁeld from the DIC-measurements, despite the inherent inho-
mogeneous structure of paperboard.
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Appendix A. Polyconvexity of the free energy
First, it is noticed that Ie1 can be written as
Ie1 ¼ trðbemÞ ¼ ptrðbemð1ÞÞ þ qtrðbemð2ÞÞ þ qtrðbemð3ÞÞ: ðA:1Þ
A similar expression can be obtained for Ie2 and since a sum of
convex functions is convex, it is therefore sufﬁcient to prove thateIe;a1 ¼ trðbemðaÞÞeIe;a2 ¼ J2trðbe1mðaÞÞ ðA:2Þ
are convex for a ¼ f1;2;3g. From the polar decomposition theorem,
(7) and the symmetry of Ve, it follows that the invariants can be ex-
pressed as
E. Borgqvist et al. / International Journal of Solids and Structures 51 (2014) 2411–2423 2423eIe;a1 ¼ trððV eÞ2mðaÞÞ ¼ ðV ev ðaÞÞ  ðV ev ðaÞÞ ¼ ðFev ðaÞ0 Þ  ðFev ðaÞ0 Þ¼ jFev ðaÞ0 j2eIe;a2 ¼ J2trððV e1Þ2mðaÞÞ ¼ J2ðV e1v ðaÞÞ  ðVe1v ðaÞÞ
¼ ðJFeTv ðaÞ0 Þ  ðJFeTv ðaÞ0 Þ¼ jJFeTv ðaÞ0 j2¼ jcofðFeÞv ðaÞ0 j2 ðA:3Þ
These invaraints were shown to be polyconvex in Schröder and
Neff (2002).
Appendix B. Derivation of dissipation inequality
Inserting the evolution laws (30) into the dissipation inequality
(18) provides
d ¼ s : _k @f
@s
þ KðcÞ _kx1cm
@f
@KðmÞ
P 0 ðB:1Þ
where summation is done over c and m. To simplify the notation Km
is deﬁned as
Km ¼ s : nsðmÞ : ðB:2Þ
The derivatives are then given by
@f
@s
¼ 2kvðcÞK
2k1
c
sðcÞ
n
@f
@KðmÞ
¼ 2kvðcÞxmc
K2kc
sðcÞ
ðB:3Þ
Insertion into (B.1) gives
d ¼ s : _k2kvðcÞK
2k1
sðmÞ
n _k2kvðcÞ K
ðcÞK2k
sðcÞ
¼ 2kvðcÞ _kK2k 1 K
ðcÞ
sðcÞ
 !
;
ðB:4Þ
where summation is done over c.
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